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1 Probleml: Emergence of thermodynamics

1.1 Analytical solution of Caldeira-Leggett Model
Caldeira-Leggett (CL) model:

d
_dxtk = pr/my, for k=1,....N
p N
% = —moQVzo + g_l Ir (W) — gro/my)
dpx 2
= W + grwixo for k=1,....N

7 T
Let vector Z = (20, X1, ..., TN, PO, P1y -, PN)

written in matrix form:

. The above equations can be

dZ
N
— =AZ
dt
0 B
2= o 9]
1/mg 0O 0 0
0 1/mi 0 ... 0
where B=| 0 0 1/my ... 0
0o 0 0 1/my
—me® —a g Jow2 ...  GgNWN
giw1 —myw? 0 o 0 N
C = oo 0 —Mmaw3 ... 0 o= Z gi/mk
............................................ k=1
INWN 0 0 co. —mpywi

Now we calculate the eigenvalues of A.

M —B| _ Lo
o AT MM — CB/X = MIHX()\ I —CB)|
Therefore, the square of eigenvalues of A are the eigenvalues of CB.
—0 —a/my grwr/my gaws/my ... gnwn/my
g1wi/mg —w? 0 e 0
CB has the form: Gowa /My 0 —w? . 0
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The square root of each eigenvalue of CB and its conjugate form one pair of
the eigenvalues of A. The eigenvalues of CB can be solved by partitioning
the matrix as follows:

A =— Q° — a/my;

A =[giwi/m1 ... gnwn/my];
glwl/mo

Ay =
gNwN/mo

Ay :dz'ag(—w%, - —w]?v)

If \I — Ay is invertible,

A—A —A _
IAI—-CB| = —Amll S\ flm = |(A=A11)— Ara(M — Azp) "' Apa||M — A
The characteristic polynomial is
2 2 2
A 02 _ (g1w1)*/mom1 | (gawa)®/mome (gnvwn)®/momy —0
T ta/mo—| A+ w? A+ w3 ot A+ w¥ ]

1.2 Numerical example

Let N=200, Q =1, v =1, my = 1, w = 10k/N, and g, = /(407/(N7)).
The Matlab script is following: C1 = eye(201) ;\\for i=2:201
C1(1,i)=-((i-1)/20)*;

end

C1(1,1) = —1 — 40/pi;

C2 = zeros(201);
for i=2:201
C2(1,i)=(i-1)/20;
C2(i,1)=(i-1)/20;

end

C=C1+C2; B=eye(201); A=zeros(402); A(1:201,202:402)=B;
A(202:402,1:201)=C; [V, D]=eig(A); y=0;
for i=1:201
if(real(D(i,i));0imag(D(i,i)) =0)
D(i,i)
y=y+1;
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end
end

y
It’s oscillatory with 51 modes.

1.3 Plot the result
1.4 Another system
d Q| _

at [P = [mo(@2 140 “2n

The eigenvalues of the center matrix is easy to calculate:

L 5]

—]_/mo

A =0
mo(Q2 + %) A+2vy|

The quadratic equation A? + 2y + (2% 4+ ~?) = 0 has two conjugate complex
roots: —vy + . Therefore, the system is damped oscillation. Eventually the
oscillation dies out.

2 Problem 2: SVD and PCA

2.1 Derivation of SVD

If A is a matrix of size m x n then there exists orthogonal matrices V(m xm)
and W (n x n) such that VAW = diag(oy, ..., 0,)

with o1 > 09 > ... > 0, > 0, p = min(m, n).

Proof

Since ATA = 0, the eigenvalues of ATA are nonnegative 0? > 07 > ... >
a,% > 0. Let all the » nonnegative o; be sorted as 0y > 09 > ... > 0, > 0.
Let x;, be norm 1 eigenvectors of ATA corresponding to o for k = 1,2, ..., 7.

Let yx = Az /o). Notes show that y; is orthonormal.
Construct W = [xl xn] and V = [yl e Yr Vz}. Then

yi
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3 Problem 3: Resistor Network

3.1 the matrix constraints for voltages and current

The node voltages and branch currents are defined as following:

1. voltages are already marked on the network asVy, Vs, ..., Vs, Vo, Vi, ooy Vi, Vs
2. branch current I;flows into node with voltage V;,7 =1, ..,8;
3. branch current I,flows out of node with voltage V,,etc.

4. I, flows out of node with voltage V.

Matrix constraints on voltages has the form: GV =1.
Voltage vector is: V' = [V, Va, ..o, Vi, Viy ooy Vi, Vout) Tt
Current vector is: [ = [I}, Iy, ..., Ig, Lo, ..., I, Lyut]l- ;
G is partitioned as:

G Gho
= [021 G22}
G = —gilsxs, Gi2 = gilsxs, G21 = Ogxs
[ 9 0 0 0 0 0 0 0 0]
—3>2 [90) 0 0 0 0 0 0 0
0 —g2 9o 0 0 0 0 0 0
0 0 —go 0o 0 0 0 0 0
G22 = 0 0 0 —3> go 0 0 0 0
0O 0 0 0 0 —g g¢go 0 0
0 0 0 0 0 0 —g g2 O
| 0 0 0 0 0 0 0 —g2 g9 |

The current matrix is KI = 0, where K = [ngg Klz} )

1 -1 0 0 0 0 0 0 0
01 -1 0 0 0 0 0 0
00 1 -1.0 0 0 0 0
K,_ |0 0 0 1 -1 0 0 0 0
00 0 0 1 -1 0 0 0
00 0 0 0 1 -1 0 0
00 0 0 0 0 1 -1 0
000 0 0 0 0 0 1 —1]




