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shapes evenness implies flatness. To this end, we have introduced two
methods. First, it may be possible to decompose vector configurations,
as we have done for y-directed strips. Second, it may be possible to
prove that an even set is arbitrarily extendable, as we have done for
rectangular segments by using the concept of regularity.

Although decompositions, regularity and extensibility are useful
tools, a full characterization of the shapes for which evenness implies
flatness, remains to be established. For example, as to regularity,
we do not know whether regularity is a necessary condition for
the existence of single point extensions. Nor do we know how
regularity is related to topological properties such as digital convexity
or connectedness.
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Simulated Annealing: A Proof of Convergence

Vincent Granville, Mirko Kfivanek, and Jean-Paul Rasson

Abstract—We prove the convergence of the simulated annealing pro-
cedure when the decision to change the current configuration is blind of
the cost of the new configuration. In case of filtering binary images, the
proof easily generalizes to other procedures, including that of Metropolis.
‘We show that a function () associated with the algorithm must be chosen
as large as possible to provide a fast rate of convergence. The worst case
(Q constant) is associated with the “blind” algorithm. On the other hand,
an appropriate () taking sufficiently high values yields a better rate of
convergence than that of Metropolis procedure.

1. INTRODUCTION

There are different ways for simulating stochastic processes on
a 2-dimensional grid [11]. The first attempts closely related to
image processing are provided by [3] and [6]. However, the basic
ideas had already appeared before in a more general context [13].
When a parameter called temperature is introduced an progressively
decreased, then, beginning with an initial image (generally taken to be
the observed noisy image) it is possible to obtain in an infinite number
of steps a configuration of maximum a-posteriori probability which
is called MAP estimate of the (unknown) true scene. In other words
the cooling schedule allows restoration of images while the schedule
with a fixed temperature is intended for image simulation. In most
applications, the underlying model is a Markov random field (MRF)
{5]. We do not give any details about MRF since these stochastic
processes are now very popular and furthermore a description is
not required for the understanding of the paper. The algorithms
converging to the MAP estimate with a cooling schedule are generally
called simulated annealing.

Many proofs of convergence of annealing schedules have already
appeared in the literature [2], [4]-[6], [12], [14], [15]. The most
popular algorithms are probably those based on the Gibbs Sampler
[6] or on the Metropolis procedure [11]. Gidas [7] was one of
the first to prove the convergence, but his proof contains many
mistakes. Here, we develop a simple version of this algorithm and
the major contribution is an original detailed proof of convergence.
With respect to the terminology used in [15], the proposed algorithm
is homogeneous: it is described by a sequence of homogeneous
Markov chains; each Markov chain is generated at a fixed value
of the temperature and the temperature is decreased in between
subsequent Markov chains. However, the transition probabilities used
here are rather different than usual: the decision to change the current
configuration is based on the probability of that configuration, and not
on the probability of the modified configuration as usual. Therefore,
the fact that the algorithm will converge is much less intuitive and the
proof requires some extra computations based on a lemma of Perron
and Frobenius [16] as well as the analysis of the eigenvalues of a
stochastic matrix. As a particular consequence, although convergence
to a global maximum is guaranteed, the configurations which provide
this maximum do not appear uniformly in limiting case.
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Although the major contribution of the paper is theoretical, we
give a numerical application which will assess the theory developed
here. In particular, it is shown how to proceed for improving the
rate of convergence. We hope that the reader will gain an in-depth
understanding of the logarithmic nature of annealing schedules.

II. ALGORITHM

From now on, we shall assume that r is a configuration of
probability 7, of a particular random vector X. Typically, 7. =
P(X = 2|Z = =) is the probability of the true scene conditionally
to the (noisy) observed image. We have at our disposal an initial
configuration x(0) e.g., (0) = = and we would like after successive
iterations to find a configuration which is as close as possible to
arg max, ... The maximum is attained by the MAP estimate of the
true scene. The problem is that the number of configurations, say N,
is very large e.g for a binary image, N is equal to 2" where n is
the number of pixels. Moreover the (Gibbs) probability 7. contains
in general a constant factor which cannot be computed for practical
reasons. Thus, it is impossible to use brute force and the simulated
annealing algorithm should require the computation of only ratios
of such probabilities. In fact our algorithm requires the computation
of the ratios 7, (0)/ T (~1),t = 1.2, -- instead of m,(;)/T.1—1) aS
usual, where ¢ denotes the number of the current iteration and x(t)
is the current (updated) configuration. Since

T Toti—1) T
£(0) — x(t—1) (0) (l)

Te() To(ty Ta(t—1)

the passage from iteration ¢ to iteration ¢ + 1 requires the same basic
computations in both cases. It can be argued that (1) will result
in numerical inaccuracy if many successive applications are to be
used. Fortunately, m,(—1)/m.(;y — 1 and in most applications, the
numerator and the denominator considerably simplify. Moreover, it
is always possible to take the logarithm of both sides of (1) in order
to get more robust computations.

In this section, we suppose that each configuration x corresponds
to a binary image containing n pixels labelled 1,---,n. At time (or
step) t,t = 1,2,--- we build a new configuration x(¢) from the last
one just by choosing at random one pixel i, and possibly updating
its assignment. Thus at each time ¢ we have a dichotomic rule: we
either make no change with the probability 1—£, or we either change
the assignment of one pixel chosen at random with the probability
;. It is assumed that there is only one way to change the assignment
of a pixel. This is the case if the algorithm is used to filter a binary
image or (with a slight adaptation) to create a MAP segmentation on
the observed image. Due to the dichotomic nature of the assignment
rule, the algorithm is necessarily intended for a “binary” processing
of the image. Therefore, it can be used for computing an optimal
segmentation even if the image is not binary {10]. However, in case of
a filtering version of the algorithm (like in this paper), the image need
to be binary. The irreducibility condition requiring the finite number
of steps and non-zero probability to pass from one configuration to
any other is needed for the convergence. The algorithm is summarized
as follows:

Algorithm
1) Begin with an initial configuration .(0) and t = 0.
2) At step t.t = 1,2 -- build the configuration x(t) as

follows:

2.1 Choose one pixel i, at random

2.2 Either keep the last configuration unchanged with the

probability 1 — &, Either change the assignment of
pixel i, with the probability ¢,

Here, & = (q7.(0)/To(1—1))°") where ¢ = inf, 7,/ sup, 7, and
o(t) is a slowly increasing function. The expression 1/o(t) is called

the temperature at time t. Notice that in case when m.(_;) is large
then the probability of the last configuration x(t — 1) is high and it
is unlikely that this configuration will be changed in the current step.
The converse is also true. In practice, raster scans of the image have
been preferred to random selection of sites.

IIl. PROOF OF CONVERGENCE

Theorem 3.1 Let ¢(t) = |log, t], where p > 1 is a sufficiently
large integer. Then the algorithm converges almost surely to a global
maximum of 7.. :

Proof: We shall proceed in several steps. Let us consider the
Markov chain constituted by n N states where the state (x,:) means
that we are in the configuration » and that we intend to change
the affectation (also called assignment) of pixel i. The set of ali
possible configurations will be denoted by €2. Let M(x,i:a',i'st)
be the transition probability from the state (x,i) at time t — 1 to
the state (2',i’) at time ¢(t > 1), and M(t) be the nN x nN
transition matrix at time ¢, containing the elements M (x, i; 2', 7’5 t).
This Markov chain is aperiodic and irreducible but nonstationary.
We also know that for («, {) fixed there exists only one configuration
2%, # x such that M(x,ijx},,i'st) # 0. In fact, for all 4,7’ we
have:

L1~ (gm0 /me)® V), if 2’ =,
Mz, i;2',i'5t) = ,IT(QFI(O)/NJ-)“’“). if ' = af .,
0, otherwise .

Let 7. € R (x € Q), ¢
L(nn‘?’(” .. @(t)

Yoven w2 and p(t) =
) o It is understood that p(t) is a sto-
xr€

T
no A
chastic vector with nN components, containing at most N distinct
components (each component 7. 720 /no,x € 2 is repeated n times
consecutively). Suppose that the parameters 7., xr € ) satisfy the

linear homogeneous system

AprpTe = o, Vo' € Q, )
rEC(2!) xFa!

where » € C(2') & it is possible (only by changing the affectation
of one pixel) to pass in one step from the configuration x to the
configuration &' and A, is the number of pixels for which we can
pass in one step from the configuration x to the configuration =’ by
changing their affectation.

In the context of image filtering, A,+, € {0. 1} and therefore M (t)
is doubly stochastic and 7. = 1. In a previous version of the paper
(see also [10]) the algorithm was more specifically designed for image
segmentation, allowing A, to take a value greater than 1. In any
case it is easy to verify that p(t)M(t) = p(¢). The system (2) can be
rewritten in the form A7 = 0 where A = (A,+,.), with A/, = —n if
2' = 2. But the sum of the components of any column of A is equal
to zero and thus |A| = 0. Therefore the system (2) has an infinite
number of solutions. If we put A := I+ %A, then A7 is a stochastic
matrix which is irreducible and thereby p(.A) < 1, (p(A) stands for
the spectral radius of \A), and one of the eigenvalues is equal to 1.
This last eigenvalue is associated to the eigenvector 7, 7 = (7. ).eq-
Thus, by the theorem of Perron and Frobenius we get 7 > 0, and the
existence of a strictly positive solution to the system (2) is warranted.

Provided that t € [p"'_l.p"'[ then A (#)(p(t) resp.) is a constant
matrix (vector resp.) and will be denoted by M;. (pi resp.). We have
established the fact that

i = px My Yk € Ao 3)
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Let p(t) be the probability vector at time ¢ associated to the Markov
chain described above. Let 5(0) be the initial probability vector.
We obtain immediately that p(¢t) = p(0)M(1)M(2)--- M(t). We
would like to study the asymptotic behaviour of p(t),t — oo, but we
have lim(— oo j(t) = lim o H(0) ML 47 Mg =1 L g TH o0t
Therefore, we shall concentrate on the proper member of the last
identity.

IfM s“:l_“s tends to be a matrix with identical rows, so it is for
My ton JW;Z"“I - M ;‘,:1‘“5 which is the product of a stochastic
matrix M2 07 AT AR =0T ith a matrix MY M
with identical rows in limiting case. As p(0) is a probability vector,
it follows that p(t) converges when ¢+ — oo to a row of the matrix
lim,— o ‘Ms"_:_-:l—“‘s.

Let w = p°, My := M(p®) = M,41 and M?, = lim—o, ML,
We have Mj‘_:l_“s = (M) = ((M,)*)*"! and thus to
conclude the proof it is sufficient to prove that

im (M,)” = lim M, 4

because M7, is a matrix with identical rows p.i1 (by virtue of
3)) and pyy1 — p as s — oo, where p is a vector such that
only components corresponding to a global maximum of w, are
distinct from zero. We stress on the fact that the limiting density
ps+1(s — oc) is not necessarily uniform on its support; this is a
major difference with classical simulated annealing algorithms.

Now it remains to prove (4). In Lemma 3.2, we shall prove the
convergence for a matrix M., which is different and simpler than that
described previously. However this new matrix is still worse (in term
of rate of convergence, or in other words, in term of spectral radius)
than the actual matrix. Therefore, if the convergence is attained with
this “pseudo-matrix” (also noted M.,), then the convergence is also
garanteed for the true matrix. This pseudo-matrix is defined as the
matrix which (after a suitable permutation of the states) corresponds
to the irrealistic case when n = 1 and N is arbitrary. Therefore,

1—w™™ w1 0 .o 0
0 1-—w™e2 w™*? .o 0
0 0 1—w™s . 0
M, = . . .
0 0 0 wN-1
wThn 0 0 1—w™w
%)
and subsequently
WL W2 Wy
Mo L
WL e WON . .
WL Wt L WtN
o, = —log, (¢my0)/ms) > 0. ©®)
a
(for ease of notation, the N configurations of () have been la-
belled 1..--, N; we use indistinctly the notation a; or a, if the

configuration x has label j)

Lemma 3.2: Let M, and M, be matrices defined by (5) and
(6). For p sufficiently large it holds that lim,_..{M,}* =
limy,— o M3,

Proof: Let p., be the spectral radius of M_,~ M. Thenp, < 1
(since lim; — oo (M, - M%) = 0)and p,, ~ (1—“,-’;.4-'31-}-‘}2.1}_32-*-
c(w—oc)where 0 < ) < J2 <+ 031320 ERo.1 >0
and 0 < a < 1. Suppose that & = 1 (the other case is even easier).

The characteristic equation can be rewritten asymptotically as

AV (B 4 210N 4 (8 4 TN
o (On FenwTN) =0, )]

where é;,--+.6x:21.--.28 € R, A is any eigenvalue of M, —
ME and vi,...,on > 0. Let A = pexplig).? = —1, an
eigenvalue of maximum modulus. Thus p = p, ~ 1 — nw ™1 If
Nen+6(N—=1)en_14 62(N—=2)ex—2+---+bx-1€1 # 0 where
ex := exp(eky) and if 37, =, # 0 where }_; is a sum taken over all
indices j such that v; is minimum, then the asymptotic relation (7)
holds only if 3; = inf{v;:<; # 0}, else further asymptotic expansion
is required under the entirely analogous proof. Taking y large enough
we take sup; a; small enough and inf{v;;s;, # 0} < 1. This is
casily observed by developing the determinant |(M., — M) — AIl.
Therefore p, ~ 1 — y1w™ with 0 < 3; < 1 and subsequently
Hmy—oo(p.0)” = limu—oo ()’ = 0. Without loss of generality,
let w be a muitiple of N. Let R be any accumulation point of the
sequence (M., — A/I:)“’/N(N is fixed ). The spectral radius of R is
zero. Thus by Caley-Hamilton R™ = 0 and further (M, — M%)* —
0. But Vt € Ap, (M, — M%) = (M,)' — MZ. In particular we
have (M,)* ~ M.

)w

IV. FURTHER DETAILS ABOUT ¢, ;¢ AND THE CONVERGENCE

In practice ¢ is not known. Geman and Geman [6] have to face
a similar drawback in their Gibbs Sampler: instead of working
with the ratio ¢ = inf.m./sup m« they use the quantity A =
sup, m« — inf, 7«. In both cases, these quantities are just used for
proving the convergence. In practice, the convergence may result
even if ¢ (resp. A) is chosen much greater (see section 5.1). Let
us remark that the cooling schedule (that is, the temperature) is of
order nA/logt for the Gibbs Sampler. In our algorithm, it is of
order log 1/ log t, where the constant u has not been investigated in
details. However, according to Lemma 3.2, there must be a constant
K (0 < K < 1), presumably depending on n, such that V. o, < k.
Therefore, we can take x as follows:

4T .(0)
K = supa, = sup | —log, R

_ log(sup, m./qm.(0))
log n

and hence,

. 1/x
H:(M‘;) . 0<kr<1. ®)
qT.(0)

Now it can be deduced from Lemma 3.2 that the sequence (7, ()
converges to sup, 7, at least as fast as the sequence (1 — *,ﬁ"’ 1yt
converges to 0, for some 71 > 0 and 0 < J; < 1 depending on
w.n and N. If more than one configuration maximize 7., then the
sequence (7)) will converge to one of these maximizers, but the
configurations with the highest 7, have more chance to be reached.
Let Qo be the set of optimal configurations (those maximizing ).
Then each 70 € §2o has a probability ) = 7.o/ 3, ¢q, T« tO
appear in limiting case (when ¢ — ~c). In case of image filtering,
since 7, = 1(Va), the limiting distribution 7* is uniform as usual.
A possible generalisation of our algorithm consists in letting ¢ de-
pend on ¢. The theory also holds provided 1) 0 < ¢/ 7,(0)/T.1—1) <
1, 2) Frrmz. 0 < Ky < mofVhowy € qr £ k2, 3) VEE >
1. |logt| = [logt'| = q; = ¢. For instance, ¢; may practically be
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®) (@) M

Fig. 1. True scene (a), observed image (b), and filtered image (c), (d), (e)
using 10 x n iterations of the annealing procedure, resp. with @ = Qi,
Q = @2, Q = Q4.Comparison with the ICM procedure [9] is also provided
).

a function of ,(0),+ -, @, —2) but neither of 7, (in other case
M(t) is no more stochastic) nor m,(,—1) (in other case the relation
p(t)M(t) = p(t) is no more satisfied). A possible choice is

min{ w0y Tou—2y}

max{m, o).+ Te(i—2)}

@ =

s )

where 7, is a bounded sequence such that 0 < lim, ., ; < 1, with
1 sufficiently small to meet the requirement 0 < ¢:7,.(0)/Tu(1—1) <
1. This choice of ¢, allows practical implementations which would
otherwise be impossible since the true value of ¢ is actually unknown.

V. NUMERICAL APPLICATION

In this section we apply the annealing procedure for filtering a
binary noisy image. The true scene is modelled by the following
simple h-nearest neighbors pairwise interaction MRF:

P(X = &) x exp[—iniz(a)], 7 > 0, 10)

where 3 = 1.5 and ni2(x) is the number of neighboring pairs with
distinct colours in v (see Besag [1]) and h = 8. The noise process
and the true image are assumed to be binary.

The mixture model of noise used here is described in [8], [9]. Under
the assumption of an uniform noise, we have ([9], Theorem A):

PX =2|Z =2)xyp{p.r.2)- P(X =) (11)

where - is the observed (noisy) image, p(0 < p < 1) is a
parameter (roughly speaking, 1 — p = p' is the proportion of noise
in the observed image), v'(p..c.z) = (p+ p'[c)"== (p'Je)" ==,
Nee = #{i.1 < i < nfr; = =}, and ¢ = 2 is the number of
distinct colours in the image.

We are searching for the MAP estimate of the true scene. The
MAP estimate is defined as the configuration .« which maximizes
the a-posteriori probability 7., = P(X = x|Z = z). The initial
configuration is .(0) = : (this is nothing else than the conventional
maximum likelihood classifier, see [9]). We have chosen a true scene
+ of n = 64 x 64 pixels among the images at our disposal (taking
o(t) = 0 in our simulated annealing algorithm would have produced
a simulated true scene). The observed image : is a mixture of an
uniform noise process and the true scene, with p' = 0.4. The filtered
images (obtained after 10 x » iterations, using raster scans of the

TABLE I
NuMBER N; OF WRONG PIXELS AND STATISTIC U7y = ;ll—log(nl.( —1) / Te(0))
COMPUTED AFTER t ITERATIONS (t = 0 X 1.1 X n,---,10 X n) OF THE
ANNEALING PROCEDURE, RESP. WITH Q@ = Q1, @ = Q2.0 = Q4
o N, U,
Q1 Q Q4 ICM (o]} Q2 Qs ICM
0 844 844 844 844 - - - -
1 679 280 157 210 0.370 1.144 1372 1.435
2 567 191 137 203 0.629 1.343 1421 1459
3 506 174 139 197 0.766 1377 1434  1.466
4 444 157 137 193 0.895 1.407 1438 1.468
5 404 147 136 188 0.996 1427 1439 1470
6 363 145 137 187 1.075 1431 1439 1.470
7 336 140 132 187 1.127 1438 1443 1.470
8 324 137 131 187 1.168 1.437 1443 1470
9 208 137 131 187 1.211 1440 1443 1470
10 282 135 131 187 1.239 1443 1443 1470
50 191 - - - 1.411 - - -

Comparison with the ICM procedure [9] is also provided.

image) are shown in Fig. 1. They were obtained with a parameter ¢
depending on ¢ and described in Section V-A. Numerical results are
reported in Table 1.

A. Practical Implementation of the Annealing Procedure

We generalize the theory developed so far. The proposed gen-
eralisation is valid only in the framework of image filtering; other
generalisations should be investigated e.g. for image segmentation.
Firstly, we release the assumption that the pixel ¢, must be chosen at
random at step ¢. To the contrary, it is now crucial (from a theoretical
viewpoint) that i, = ¢(i;—1) where ¢ is an appropriate one-to-one
function. For instance (i;) = i(—1 + 1 modulo (n) is the successor
of i,_, in a raster scan of the image. Hence, M (x,7;2',i';¢) = 0 if
(i,1') # (i¢—1,4;) and assuming (i,i') = (ir—1,;), we have

1= {q - Tugoy/me }°

{(jl . 7‘-1‘(0)/7].!}@(1)
Oif v £ 2" #£ 2,

Me, i;e,i'st) =
M, isai . d'5)
Mz, iz2',i'st)

and

Ty (0)

) o(t)
&= {(11 . -——} . @ = Q1) Terqry)s  (12)
Tr(t-1)

where +”(t) is the configuration that would be reached at step ¢ if
a change in the current configuration x(¢ — 1) was allowed and Q
is a constant function taking the fixed value ¢. The generalisation
consists of course in taking () arbitrary. This approach yields a rich
class of simulated annealing algorithms. Let us remark that thanks to
the choice of i; we can allow ¢, = (@ to depend both on x(t — 1)
and (implicitly) on x(t): provided (? is a symmetric function, it can
be seen that the condition p(¢)A{(t) = p(t) still holds, with 7. = 1.
The proof of convergence remains almost unchanged. In order to
get a fast rate of convergence, Q(7 (1), T,+(1)) must be chosen as
large as possible, with the restriction that Vi = 1,---.n,Va € £,
0<Q(memy )+ ”;—‘I"l < 1. By maximizing (J, we also minimize
Sup, e, = suf)f{— log, (Qm,(0)/ )} and hence 3,. Remember that
the rate of convergence of the annealing algorithm is that of the
sequence (1 —~,#~71)', 4, > 0. Taking for instance Q1 (m,.7,/) =
q T[Ty, (¢ fixed), we get

' (1) #( ' . T
L=|q.,|—— . ¢ < infi,
Tae(t—1) Tr‘,.:.

(13)
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and we can compute & directly (there is no need to use the
numerically ill-conditioned formula (1)). Moreover the decision to
modify the current configuration (¢ — 1) is no more blind of the cost
of the new configuration x*(¢). Hence we get a reasonable practical
rate of convergence. Furthermore, with the MRF model given by
formula (10) we easily establish that ¢’ < exp(—3h/2), where h is
the MRF neighboring size (here h = 8 and 3 = 1.5). In the next
examples, we have taken ¢’ = exp(—;3h/2). Finally, using the noise
model (11), we get

o(t '
log & = —(2—){210gq + (er(i).: = Ma(i—1),:) log (1 + %E)

—B3(n2fe”™ ()] — na2fa(t — 1)])}- (14)

Other choices tested in this paper are Qa(w.,m.) = 7":(}])
min(7,, V¢, m,7) and Qs(m,, 7,») = q; Q2 yields the Metropolis
algorithm. But (2 is not symmetric. However, with an appropriate
adaptation of p(t), we still keep the relation p(t)M(t) = p(t).
Not surprisingly, ()2 yields a better rate of convergence than
@J1: this is explained by the fact that in any case, Q2 > Q.
For similar reasons, (s yields the worst procedure and can
not be implemented. Eventually, working with Q4(m,., 7)) =
”;(B) min(m,, g (7, + 7,0)/2) > Qa2(m,,7,1), we get a better
rate of convergence than that of the Metropolis algorithm. The nearly
optimal annealing schedule used here correspond to ¢(t) = log,,(¢),
where log jt is equal to 16 (resp. 8, 4) when Q1 (resp. Q2, Q4)
is used.
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Openings Can Introduce Zero Crossings
in Boundary Curvature

P. F. M. Nacken

Abstract—In a recent paper, Chen and Yan presented a result on zero
crossings of boundary curvature under morphological openings. In this
correspondence, it is shown, by means of a counter example, that this
result is not correct. An analysis of the counter example shows where
Chen and Yan go wrong and determines a class of images for which their
theorem holds.

I. INTRODUCTION

This correspondence reports a problem encountered in a paper of
Chen and Yan [2]. The paper by Chen and Yan contains a theorem
on the behaviour of zero crossings of the curvature of the boundary
of an object which is transformed through a family of morphological
openings [4]. In this paper, a counter example to this theorem is
given. This counter example is analysed to show where Chen and
Yan go wrong and to determine a class of objects for which their
theorem holds.

Multiscale image analysis frequently involves the tracing of fea-
tures of an image X as X is degraded by some kind of blurring
process {11, [3], [5]. It is desirable that the number of features or
the amount of structure in the feature set becomes smaller as X is
blurred.

An example of such a multiscale image analysis is studied by
Chen and Yan. These authors define a multiscale analysis of binary
images (in IR?) by considering the zero-crossings of the curvature
of the boundary contour. The blurring operator is a morphological
opening with a disk of radius r. In the rest of this correspondence, it
is assumed that objects are simply connected, i.e., contain no holes.

Let &X denote the contour of a set X. B(r) is a (closed) disc
of radius r. Z(9X) is the number of zero crossings of the curvature
of the contour and C'N (X)) is the number of connected components
of a set X. Irregular points of a contour are those points where the
curvature has (positive or negative) infinite value. In [2] the following
result is formulated:
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